TRENTO, 2020/21
ADVANCED GROUP THEORY
EXERCISE SHEET # 8

Ezercise 8.1. Let G be a finite group, p : G — GL(V) a representation of GG, and
A a linear character of G.

(1) Show that Ap, defined as (Ap)(g) = A(g)p(g) is a representation G —
GL(V).

(2) If the character of p is x, show that the character of Ap is Ax.

(3) Show that p is irreducible if and only if A\p is. Do it in two ways
(a) Using the fact that a character y is irreducible iff (x, x) = 1.
(b) Using directly the definition of an irreducible representation.

(4) Use the above to show that for the non-linear character x of S3 we must
have x((12)) = 0.

Exercise 8.2. Let G be finite group acting on the finite set €.

(1) Define the associated permutation representation p and its character x.

(2) Show that x(g) = F(g9) ={a € Q:a? =a} is the number of fixed point
of g.

(3) Show that the numer of orbits of G on € is given by

= X F(9) = (1),
| G | geG
where 1 denotes the trivial character.
(4) Show that G acts transitively on €2 (i.e., there is only one orbit) iff xy =
1 + v, where v is a character such that (1,%) = 0.
(5) Define what is meant for G' to act double transitively on € (one also says
G acts 2-transitively, or that G is 2-transitive).
(6) Show that G is 2-transitive iff ¢ is irreducible.

Exercise 8.3. Let G be a finite group acting on the finite set {2. In general, one
says that G acts k-transitively on 2 if for any distinct aq,...,a; € 2, and any
distinct By, ..., B € Q, there is g € G such that of = f; for all i.

(1) Prove that to show that G is k-transitive, it is enough to show that for a
fixed set of distinct vy, ...,y € Q2 and any distinct 5y, ..., Bx € €1, there is
g € G such that 7 = 3; for all i.
(HINT: Given any distinct aq, ..., ar € Q and any distinct 5y, ..., [ € Q,
by assumption there is a ¢ € G such that v/ = «; for all ¢, and an h € G
such that 7/ = ;. Then af_lh =~ = g; for all i.)

(2) Show that if G is k-transitive, for k > 1, then it is also (k — 1)-transitive.

(3) Show that S, is n-transitive in its natural action on {1,2,... n }.
(4) Show that A, is (n — 2)-transitive, but not (n — 1)-transitive in its natural
action on {1,2,...,n}.

(HiNT: Given distinct 1, ..., 8,_2, by the above there is g € S, such that
19 =p; forallt=1,...,n—2. If g is even, we are done. If g is odd, then
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(n — 1,n)g is even, and i"~1™9 = 49 = B, for all 4 = 1,...,n — 2. This
shows that A, is (n — 2)-transitive. Now note that the only permutation
g such that 9 =i fori =1,...,n— 2 and (n — 1) = n is the 2-cycle
(n — 1,n), which is odd. This shows that A,, is not (n — 1)-transitive.)

Ezercise 8.4. Construct the character tables of S, and Ajy.



